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Result of H.-O. Walther:

Existence of solution homoclinic to 0 for

x′(t) = −α · x(t − d(xt)),

if the delay function d is chosen appropriately.

Spectrum at zero: (d = 1, α ≈ 5π/2) ρ2 > |ρ1|, 0 > ρ1 > ρ.
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Aim of joint work: Show existence of symbolic dynamics for a return

map of the above equation.

(Famous precursor: Result of Šil’nikov in R4 (1967).)

We describe the essential framework without reference to an equation:

1) (X, || ||) Banach space, decomposition X = S × C× C
2) C0−semigroup T : R+

0 → Lc(X,X),

T (t)(xs, z1, z2) = (TS(t)xs, e
(ρ1+iω1)tz1, e

(ρ2+iω2)tz2)

where ||TS(t)|| ≤ Keρt for some K > 0, and

ρ < ρ1 < 0 < ρ2, ρ2 > |ρ1|.
3) Consider the sets

Sr1,r2 :=
{

(xS, z1, z2) ∈ X
∣∣ ||xS|| < r1/K, |z1| = r1, 0 < |z2| < r2

}
,

Σr1,r2 :=
{

(xS, z1, z2) ∈ X
∣∣ ||xS|| < r1/K, |z1| < r1, |z2| = r2

}
.

For x = (xS, z1, z2) ∈ Sr1,r2 there exists a unique time τ (x) > 0 such that

T (τ (x))x ∈ Σr1,r2, namely

τ (x) :=
1

ρ2
log(

r2

|z2|).



The local map.

P0 : Sr1,r2 → Σr1,r2, P0(x) := T (τ (x))x.

Explicitly: For x = (xS, z1, z2) ∈ Sr1,r2, z2 = r2e
iθ2, z1 = r1e

iθ1,

P0(x) = (yS, r1

(
r2

|z2|
)ρ1/ρ2

· ei(ω1τ(x)+θ1))
︸ ︷︷ ︸

=: w1

, r2e
i(ω2τ(x)+θ2)︸ ︷︷ ︸
=: w2

)

where ||yS|| ≤ ||xS||Keρτ(x) < r1e
ρτ(x).

Note: |w1| ∼ |z2|−ρ1/ρ2, 0 < exponent < 1.

(Thus, 1 >> |w1| >> |z2|.)
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The global map. Assume there exists θ∗1, θ
∗
2 ∈ [0, 2π) and a C1 map

P1, with values in Sr1,r2 and defined on the set

Σ∗r1,r2
:=

{
y = (yS, w1, w2 = r2e

iθ2) ∈ Σr1,r2

∣∣ max{||yS||, |w1|, |θ2 − θ∗2|} < δ2

}

such that with y∗ := (0, 0, r2e
iθ∗2) ∈ Σr1,r2 and x∗ = (x∗S, r1e

iθ∗1, 0) ∈ Sr1,r2

one has

P1(y
∗) = x∗.

θ∗1

?
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Domain of P1:
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The composition.

Set I2 := [θ∗2 − δ2, θ
∗
2 + δ2]. If ϑ∗∗ > ϑ∗ > 0 are large enough and δ1 ∈

(0, π/2), the set

Dϑ∗,ϑ∗∗ :=
{
(xS, z1 = r1e

iθ1, z2 = r2e
iθ2) ∈ Sr1,r2

∣∣
|θ1 − θ∗1| < δ1,

− ϑ∗∗ < θ2 ≤ −ϑ∗,

|z2| ∈ r2 · exp[−ρ2

ω2
(I2 − θ2)]

}

satisfies P0(Dϑ∗,ϑ∗∗) ⊂ Σ∗r1,r2
, and hence one can define the composition

P := P1 ◦ P0 : Dϑ∗,ϑ∗∗ → Sr1,r2.

A typical domain Dϑ∗,ϑ∗∗ :

x∗

*
θ1

-
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Explicit formulas.

Describe P1 in the form y = (yS, x1 + iy1, r2e
iθ2) 7→ (x̃S, r1e

iθ̃1, z̃2), with

C1 functions x̃S, θ̃1, z̃2, and partial derivatives ∂
∂θ2

∣∣y∗z̃2,
∂

∂x1
∣∣y∗θ̃1, etc.

For x = (xS, r1e
iθ1, z2) ∈ Dϑ∗, set

τ := τ (x) (as above) , r′1 := r1(r2/|z2|)ρ1/ρ2,

x1 := r′1 cos(ω1τ + θ1), y1 := r′1 sin(ω1τ + θ1),

yS := T (τ )xS, ||yS|| ≤ r1e
ρτ ∼ |z2||ρ/ρ2|

Then P (x) =
(
0, r1 exp{i[θ∗1+ < ∇3θ̃1

∣∣y∗, (x1, y1, θ2 − θ∗2) > + E1]},
< ∇3z̃2

∣∣y∗, (x1, y1, θ2 − θ∗2) > + E2

)
+ E3 + E4,

where E1, E2 = o(r′1 + r2(ω2τ + θ2− θ∗2)), E3 = O(||yS||), E4 = (x̃S, 0, 0),

and ||x̃S|| = O(r′1 + δ2r2).

(Briefly: Taylor expansion of first order w.r.t. 3d-Variables, but only to

zero order w.r. to S.)



Set Y3 := span(
∂

∂θ2
,

∂

∂x1
,

∂

∂y1
)∣∣y∗, X3 := span(

∂

∂θ1
,

∂

∂x2
,

∂

∂y2
)∣∣x∗,

then Ty∗Σr1,r2 = S ⊕ Y3, Tx∗Sr1,r2 = S ⊕X3

with a corresponding projection pr3 to X3.

Transversality conditions:

1) pr3 ◦DP1(y
∗) is invertible on Y3;

2) ζ2 :=
∂z̃2

∂θ2

∣∣y∗ 6= 0, or equivalently: DP1(y
∗) ∂

∂θ2
∣∣y∗ 6∈ R

∂
∂θ1

∣∣x∗.
(Geometric meaning:

The image of Dϑ∗ under P is not coaxial with Dϑ∗,ϑ∗∗.)
Consequences:

a) With U1 := pr3DP1(y
∗) span( ∂

∂x1
, ∂

∂y1
)∣∣y∗, one has X3 = U1 ⊕ R · ζ2.

b) Let H ⊂ X3 be a plane containing ζ2 and such that ∂
∂θ1
6∈ H ; then

prx2,y2
is an isomorphism on H .

(particularly convenient choice possible).



Choice of N0, N1.

With suitably chosen numbers ϑ0, ϑ00, ϑ1, ϑ11 and ε1 > 0, the sets

N0 := Dϑ0,ϑ00, N1 := Dϑ1,ϑ11have the properties below:

a) (their images lie on different sides of the plane x∗ + H).

b) For fixed θ̄1 and j ∈ {1, 2}, the map

Nj 3 (0, r1e
iθ̄1, z2) 7→ prx2,y2

prX3
P ((0, r1e

iθ̄1, z2))

is homeomorphic. (Easier to see for prH ; then use that prx2,y2
is isomorphic

on H .)



Main Theorem. ∀ (...s−2s−1s0s1s2...) ∈ {0, 1}Z ∃ trajectory (xj)j∈Z
of P with xj ∈ Nsj

for all j ∈ Z.

Proof (ideas):

1) For a finite, periodic symbol sequence α = (s0, s1, ..., sk = s0) ∈
{0, 1}k+1 and a map f defined on N0 ∪N1, define

Nα,f := Ns0 ∩ f−1(Ns1) ∩ ... ∩ f−k(Nsk
).

Lemma (Zgliczyński). If f, g are homotopic maps and the invariant set

is disjoint to ∂N0 ∪ ∂N1 throughout the homotopy, then

ind(f k, Nα,f) = ind(gk, Nα,g).

2) Three homotopies as in the lemma:

a) P ∼ P3 := prX3
◦ P ; (eliminate S−component from image of P )

b) P3 ∼ P̃3; (eliminate θ1−dependence)

c) P̃3 ∼ P2 := prx2,y2
◦ P̃3 (project values to x2, y2-space).

3) With the Lemma and the reduction property of fixed point index:

ind(P k, Nα) = ind(P k
2 , Nα) = ind(P k

2 , Nα ∩ (x2, y2)− space).



4) (N0∪N1)∩ (x2, y2)− space consists of two sets homeomorphic to a ball

in R2, mapped by P2 homeomorphically to a larger ball containing both.

5) Lemma. For a map f as in the situation of 4), ind(f k, Nα) = ±1.

6) Corollary. There is a periodic orbit of P obeying α.

7) The main theorem now follows with a standard compactness argument,

using that P is compact and that periodic symbol sequences are dense in

the space of all symbol sequences (with the product topology).

Thank you

for your attention!
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