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i Introduction

We assume both prey and predators adjust their activities to
maximize their per capita growth rates.

Prey Predators
mobile strategy mobile (active) strategy

sessile strategy sessile (ambush)



Introduction

he Model

'The underlying predator-prey dynamics is modelled by Gause-
type interactions (Gause, 1934; Hofbauer and Sigmund, 1998)
as follows. If x is the prey population size (i.e. prey density)
and y 1s predator density, then

z = zf(z) —yF(z) (1)
g = —py+ eyl (z).
Here f(x) is the per capita growth rate of the prey population in
the absence of predators and F(z) is the number of prey killed

by one predator per unit time.
The death rate of predators is i and ¢ is the conversion factor.



i Introduction

MM

Foraging efficiencies of the mobile predator chasing
mobile prey

Foraging efficiencies of the mobile predator chasing
sessile prey

Foraging efficiencies of a sessile predator catching
mobile prey

Foraging efficiencies of a sessile predator catching
sessile prey



i Introduction

Prey
Mobile Sessile

Mobile [ MM CMS }

Predator .
Sessile gy Ogg

Table 1. Predator foraging efficiency.



Introduction

0, aud 6, are the current mobile proportions in the system.

The expected number of prey killed per unit time by a randomly
selected predator, F(x;8,,0,), is given by

F(x;0:,0,) = 0,[Fum(bex)+ Fys((1 —6;)z)]
+(1 — 6,) [Fsar(6zx) + Fss((1 — 6,)x)]

where Fsp is the functional response of a predator using strat-

egy A when the prey population uses strategy B with A, B €
{M,S}.



The Model

Both prey and predators use game theory-based strategies to maximize their
per capita population growth rates.

Replicator equation:

9.::: = uf), (1 . 93}) _meg(jiﬂ?)ﬂyy _ F'SM(QEJZ)I(:]—QJJ )y + F'Mslé(ll_—gim)lﬁ)ewi + FSS(('(—lﬁ_mgfj)i"—ﬂy)y]

é?) = v, (1= 6,) [c (Fyvum(6:2) + Fus((1 —b,)2)) — ¢ (Fam (0.2) + Fos((1 — 0.)2))].



The Model

Both prey and predators use game theory-based strategies to maximize their
per capita population growth rates.

Smoothed best response:

_FuumBz2)0yy  Fop(Bzz){1-8y)y
8. exp m( Pr7 Tan

b = Frn@z2)0yy  Fsy@z=)(1-0y)y Fs((1=62)2)8yy  Fsg((1—6g)e)(1-64)y) Z
Orexpm| — P - dpz +{1-bz) exprre | — (1-fg)= - (1-8p)x
é _ Oy expne( Py {(0zx) | Fus({1 0z)x)) )



The Lotka-Volterra Model

For the L-V model, substituting Fag(x) = aapr, yields the
following population density and (replicator) strategy dynamics,
respectively.
rT= rx (1 — %) — ()’MMeyyng — @Mggyy (1 — 933) T
—asy (1 —60,)ybx —ass (1 —60,)y(1—0,)x
Y= —py+cammbyylsr + caysbyy (1 —0;)x
+easy (1 —0y) ybox + cass (1 —0,)y (1 —0,) x
0, = ub, (1 —0.) (—onmbyy — csar (1 —8,) y + ansbyy + ass (1 — 6,) y)

Qy = v, (1 — 6,) (copmrbex + cays (1 — 6,) v — cogpr 0 — cags (1 — 6,) )

10



The Lotka-Volterra Model

The effect of a dominated strategy

Suppose a mobile predator has higher foraging efficiency than a sessile
predator independent of the strategy of the prey

QMM > Cgp

Qps > 0lgg
Suppose s > Ops-

The proportion of mobile predators is increasing
0, >0

and will evolve to 1 unless x evolves to 0.

11



The Lotka-Volterra Model

6, is always negative (if ayg < appy)

0, is sufficiently close to 1 or

y evolves to (

x evolves to the carrying capacity K

12



The Lotka-Volterra Model

0, is sufficiently close to 1

0, is always negative (if apg < )

f, =0 and 6, = 1

r

. - _) B
T T ( 7 QpMSYT

Yy = —py+caysyc.

13



The Lotka-Volterra Model

: x

r = TI (1 — —) — XpMSYL
K

Yy = —HY+ COMSYL.

The system has an interior equilibrium
K
(g;j y) — ( M : ’*‘“(Caﬂgs — M))

ifandonlyif -7 < Qups.

The interior equilibrium is globally asymptotically stable if it exists;
otherwise,

(z,y) evolves to (K, 0).



i The Lotka-Volterra Model
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The Lotka-Volterra Model
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The Lotka-Volterra Model

Using the smoothed best response dynamics, we have

6’:1, _ 0., e}cpm,(—aMME?yy—chM(I—H?J)y)
’ 0z expm(—anm Oyy—asm (1—0y)y)+(1—0z) expm(—ansbyy—oass(1—0y)y)

9’ L 0, exp n(capyOzx+caps (1—02)x) _
Y T Oyexpn(capnpOnrteans(1—0,)x)+(1—-0,) expn(cagyOrr+cags(1—0)x)

—9:1:

6

yl

17



The Lotka-Volterra Model
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Smoothed best response strategy dynamics CLK < apms
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The Lotka-Volterra Model
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The Lotka-Volterra Model

No dominated strategy

We assume that

aps and agy are both larger than oy and agg

The predator forages more efficiently if it has the opposite strategy as its prey.

Prey are better able to avoid predation if they have the same strategy as the
predator.

20



Introduction

Nash equilibrium for the frequency-dependent evolutionary game
between predators and prey is given by

@

o* Qprg — Ckgs and §* — xgn — Qgg
5 =
Yy

(Xsp — QpM + (pfs — (Xss gyt — OpM + s — gy

(No individual can increase its fitness by altering its strategy.)

21



Introduction

With the mobile proportions fixed at their nash equilibrium values, the
population dynamics becomes

T
T = rr 1——) —a'r
( K J
Yy = —uyt+catzy
where
. AMSOSM — OSSO MM

>0

R
il

asy — Oy M+ Opps — S

22



Introduction

The equilibrium of most interest now is one where both strategic behaviors
are present for each species

El = (37*: y*a 9:-7 9;)1

where
¥ M
L = ca*’
Y i o M )
Yy = a* (]' cKa* ]
H* — AMS—CSS
T asM—OMMFaNs—ass ]
0* — aspM —Qss
Yy asmM—opMMtoapms—ass

o K

F exists if and only if % "

23



The Lotka-Volterra Model
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Trajectories of the LV system with strategy dynamics given by the replicator
equation when E: exists.
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The Lotka-Volterra Model
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Trajectories of the LV system with strategy dynamics given by the replicator
equation when E.: exists.



The Lotka-Volterra Model
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Trajectories of the LV system with strategy dynamics given by the smoothed best
response equation when E: exists.



The Lotka-Volterra Model
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Trajectories of the LV system with strategy dynamics given by the smoothed best
response equation when E: exists.



The Lotka-Volterra Model

The coupled system may also have equilibria where both predators and prey
are present but the populations adopt pure strategies.

po r(-putcasuK)

Ey = 1,0
2 (CQSM’ cay K 1,0)
_ - K
By ( [ 1'r( u%;caMg ),0,1)
COMS cag K
— K
CcO5s cageK
— K
By = (£, Lopt conn k)
CON M cay KK

Eo, B3, Ey, Es  are unstable if they exist.

28



The Lotka-Volterra Model

he only other equilibria of the coupled system are when the predator
population is extinct, and the prey population is at carrying capacity.

Eﬁ — (K) OJ 9\;{:‘3 0):
E’T = (Ka 01 é:m 1)3

aps — Ags A
Eg = (K, 0, ) 9?})
sy — OpM + Gps — Qgg

where 6’; and 61, take any value between 0 and 1.

Finally, there is also the trivial equilibrium with no prey and predators
Eo = (0, 0, 8, 6,).

29



The Lotka-Volterra Model

An alternative Lotka-Volterra model and the global stability of E:

(1—6;:)z

(1- Qy)y

r1 = 0,x T

Y1 = ny Y2

rI (1 & +:f:z) — QGMTI Y2 — ATy + T1z2(u—"1)apmsyitassyz—asmy2—0ar v Y1)
K - X1+

ra, (1 — M) — Qs Toln — Qgs Lol + w1wo{u—1agpye oyl —aarsyL—assy2)
K z1+w2

— LY + caprsToln + coprtiyy + y1yz (v—1)(canm st2Hcaar vl —Cas MLl —Cas5L2)

) ) ’ Y1+y2
e . e e y1y2(v—1){cag pw1 Feaggts —c gy gy —Cpg (1)
Y2 + ChspiYe + Csst 242 + R )
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The Lotka-Volterra Model

pulaps—ass)
clapmsasym—assaniar)’?

!—L(CXSM —CYMM)
clapsasm—assanin)’

r(asp—ags)(—paystapscagpy K+poap v —cags Kooy p—poasp +poass)
2
Kc(apsogm—assOnarar)

1

r(—apmtons)(—papstoanrscagny K+panpr—cags Kapp—pagy+pass)
_ 3
Kc(aMgagM—aSSaMﬁ,j)

?
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The Lotka-Volterra Model

In particular, in the special case that ©« = v = 1, we obtain

T
Lo
Y1
Uo

ray (1 — 2E2) — o gyT1Ys — ¢ ymT1Y
rag (1 — 2E22) — v ool — @ ssays
—HY1 T C pmsZaY1 + C& MMTIYL

— Yo + C spT1Y2 + C §5T2Ya.

The global asymptotic stability of the system can the be shown by
considering the following Lyapunov function

V = 6(931 —:n?f—a:fln(i—l)) +C($‘2'—I‘;_mzln(i_§)) + (yl_yI —yi’ln(g—%))
+ (’Uz—yg — Yz 1n (yz)) 3

U*IQ;' =

32



The Lotka-Volterra Model

V

The derivative of V is obtained as

= clxr—a) (r(1— %) —asmys — & pmtn) (@ —a3) (r (L — £) — @ msys — @ ss)
+ (= u7) (= + co prswo + coarrn) + (Y2 — U5) (—p + cor sy + caggen)
= —%(m —:r.{—l—mg—a:;)g.

Thus, V < 0 unless z = z*.

The trajectory must converge to an invariant subset of
{(21, 22, y1,Y2) | 1 + 22 = 2" and ¥ > 0}.

It can be shown that E:is globally asymptotically stable since all these
trajectories converge to E..

33



The Lotka-Volterra Model

Let M be the maximal invariant subset

{(:E]::L'Qay]ay?.) | L1 + o = z* and Yy 2 0}

y=ci+y=cra* (1 —%)—py

crx’* (1 — %) = ny* at F,

Y= wy" —vy)

34



The Lotka-Volterra Model

Thus, (21, T2, Y1, y2) converges to an invariant subset of

{(ﬂi'laxzaylayz) | 1+ 29 =2 and y; + yo = y*}_

=1y = 0 yields

Na

1 — z* 1 QsM = Onim + apg — gy ( ass + 0z (aps — ags) + 0, (asy — ass) )) -0
K XMSSy — (XSS MM +9m9y (&MM —Qps — OsM T+ Oéss)

which simplifies to

(O-’SS — gy + 9-3; (Q’S‘M — apy + Qps — aSS)) ('3-’3.5' — apms + 0, (CYSM — Gy + Qs — CYSS)) = 0.
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The Lotka-Volterra Model

That is, either 0, = 6} or 8, = 0,

93::9; C> $1:ITand$2:x;,and9m:0
a4

Yy, = gyy — ‘yi( aﬂd Ya = y;
Similarly, 6, = 9;
i

- * - *
r1 = 27 and Ty = 5

Thus, every trajectory that is initially in the interior of M converges to E..
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The Rosenzwelg-MacArthur model

In this section, we consider the game between the prey species
and predator species with Holling type II functional (behavioral)

response, L.e. F(x) = 55

:f‘ = rT (1 — _) — ﬂSMgiUﬁ(]_By)y _ QMS“ _gw)mg'yy _ fl’-MM'gwﬂ'?g'yy _ (RSS(1—9w)$(1—9y)y
} ) K g sz ch+1 aps(1—0z)xh+1 applzoh+1 agg(1—0z)xh+1
Z) = —ny+ cagpbzx(1-04 )y + capys(1—0z)xbyy copg p1 82204y 4 cags(l—0:)z(1-6y)y
f s O zht1 ams(1—02)0ht1 T Gagarfechil ass(1—0z)oh il
é = uf (1 6 ) @ s0yy _ asm(1-6y)y ass(1-by)y  ammbyy
= L)\ ans(1—0z)xh+1 asnrbzawh+1 ass(1—0z )eh+1 annbzeh+l

) caprs(1—04)x cagplpa + cayplee cags(1-0;)x
y

ap s{1—0;)zh+1 o agayblzxh+1 g aiOexch+1 ass(1—0z ) )xh+1

0, =uv0,(1—
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The Rosenzwelg-MacArthur model

We assume ayy =0 and ags =0
Then the population density and strategy dynamics becomes

asalcz(1-0y)y  ans(1—0z)zlyy

ke = Tk (1 F{') g g Op wh+1 a5 {(1—0g )ah+1
o cagpbec(1—0y)y cap s(1—0)zbyy
Y= Py + asafzrh+1 + arrs(1—0z)xh+1

: . . 'QMSny _ C!SM(l—Hy)?_-{

9{(} = Q)Q,y (]_ — Qﬂ) (aMs(l—aw):ﬂhf‘l‘l aspit.xch+1

capys(1—0z )z caegplzx )
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The Rosenzwelg-MacArthur model

The interior equilibrium is given by Ep1 = (7, y7, O, 01)

where
* — K
Th = o= (e—ph)
* _ e _ K
Yn — a*(c—ph) (1 (c—ph)Ka* )
9* — XATS
zh anstosn
9* — s

yh T apystaga”



The Rosenzwelg-MacArthur model

Moreover, with the mobile proportions fixed at the equilibrium values,
(g::h.’ 9;?:)

the population dynamics becomes

- oz o'zy
r= TI (1 K) a*rh+1
o ca™ Ty

Y= py + a*zh+1"

That is, equilibrium FE}; is biologically feasible if and only if the
following conditions hold:

(H1) ph < cand = < (c_*:—th)K.

40



The Rosenzwelg-MacArthur model

The system has biologically feasible pure strategic equilibrium

En2 = (aSM (c=iah)? asaa(e—h) (1 - (C—Mh?ffasm) 1 U) itand on-
ly if the following conditions hold.

(H2) wh < ¢ and K < O sM

41



The Rosenzwelg-MacArthur model

Under the condition

(H3) ph < c and m < @ ps-

— 4 T 7 .
Eh3 - (05 ms{e—ph)’ fl‘-MS{rCL—ﬂh) (1 - (c—psh,)F(aMS) ? 07 1) exists as
a biologically feasible pure strategic equilibrium.
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The Rosenzwelg-MacArthur model

The system has three equilibria where the predator population goes
to extinction and the prey population reaches carrying capacity.

These equilibria are
Ehfl — (K, 03 éﬂ:a O):

Eys = (K, 0, 8,, 1)

and

a wpms A
Ene = (K, 0, , 6,),
( & ps + Ggpr v)

where 8, and éy take any value between () and 1.
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The Rosenzwelg-MacArthur model

In addition, the system has a trivial equilibrium point

~

Eypr = (0 0, O, é:q)

Ll
4

where both prey and predator populations are extinct.

F, 1s always unstable.

Eys and E3, are both unstable.

The trivial equilibrium E},7, which corresponds to the extinction
of both the prey and predator species is also unstable.
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The Rosenzwelg-MacArthur model

(b)
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Trajectories of the RM system with strategy dynamics given by the replicator
equation when En exists.
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The Rosenzwelg-MacArthur model

Trajectories of the RM system with strategy dynamics given by the replicator
equation when En: exists.
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The Rosenzwelg-MacArthur model

(b)
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Trajectories of the RM system with strategy dynamics given by the replicator
equation when En exists.
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The Rosenzwelg-MacArthur model

X
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The Rosenzwelg-MacArthur model

Interestingly, the situation changes when the strategy dynamics is given by
the smoothed best response:

_moe gpm{1-0 y)y
T T | ma sap(1-6 y)y _ ma prsfyy £
Oz @ smbr@htl 4(1-6)e @ ms{—fc)uht

nea pre(l—0 zle
9yeaM3(1—9;E)xh+1
nca Arg(1—0 z)z nee gasbxe
ayeu Ms(l—8g)ch+1 _|_(1_0y)ef_x Spbrehitl

tC;':i;r — - 9:';1-

FE; 1s still unstable.
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The Rosenzwelg-MacArthur model
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Trajectories of the RM system with strategy dynamics given by
the smoothed best response when En: exists.
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The Rosenzwelg-MacArthur model
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Trajectories of the RM system with strategy dynamics given by
the smoothed best response when En: exists.



Conclusions

We investigate the dynamics of a predator-prey system with the assumption
that both prey and predators use game theory-based strategies to maximize
their per capita population growth rates.

The predators adjust their strategies in order to catch more prey per unit time,
while the prey, on the other hand, adjust their reactions to minimize the

| Py

chances of being caught.
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Conclusions

Numerical simulation results indicate that, for some parameter values, the
system has chaotic behavior.

Our investigation reveals the relationship between the game theory-based
reactions of prey and predators, and their population changes.
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Thank you!
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